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Question 1 (a) Derive Euler’s equation of motion for an inviscid Auid in the form

Dq 1

— =F — —grad P.

Dy p grad P,

where p is the density, q the velocity of the Auid, F the body force per unit
mass, P is the Auid pressure, and

D 0
— == v
Dt o @Y
is the diceerential operator following the Auid. [7]

At time t a Auid How has the following velocity components in the z,y and z
directions

1
=1 = =
LY E T v
Find the streamline at ¢ = 0 passing through the point (0,0,0). [4]

Determine and sketch the path of the particle of Auid which is at the point
(0,0,0) when t = 0, adding to the sketch the streamline at that point. [5]

An incompressible, inviscid Auid is in steady rotation under gravity with ve-
locity components
1 1
u = Eﬂy, v = —iﬂx, w = 0,
referred to Cartesian axes with the z-axis vertically upwards. Given that {2 is

a positive constant, p, the density of the Auid and g the acceleration due to
gravity, show that the pressure at any point in the Auid is given by

1
P = §p92 (:v2 + y2) — pgz + constant.
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Question 2 (a) Starting from Euler’s equation of motion, as stated in Question
1, show that for a steady irrotational Zow of an incompressible inviscid Auid,
Bernoulli’s equation takes the form

— + -q” + gz = constant,
p 2

where P is the pressure, p the density and q the velocity of the Auid, z is the

height above some gxed horizontal plane and g the magnitude of the accelera-

tion due to gravity.

8]

(b) A large cylindrical tank of radius 5a has a hole of radius a at its bottom. The
tank at time ¢ is glled with water to a depth h and the speed of the water at
the surface is u, while water AZows through the hole.

(i) Given that the surface and the hole are open to the atmosphere, and that
the How is steady and irrotational throughout, show that

_ L Jgh
2\ 78
[7]
(ii) Show that A, the depth of water in the tank at time ¢, is given by
1 1 g 2
h={(hi — =/t
( 0 4V78 ) ’
where hg is the initial depth of the water. [6]
(iii) Show that the time taken before the tank is only one quarter full is
1= 2,/
g
[4]
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Question 3 (a) An incompressible, inviscid Zuid of density p Eows irrotationally.
Show that there exists a velocity potential function,®, for this Aow which sat-
isges Laplace’s equation V2® = (. [5]

(b) A sphere is immersed in an ingnite non-viscous, incompressible /Euid of density
p- The sphere contracts such that its centre maintains a gxed position and at
time, ¢, its radius is R. During the contraction the Auid moves inwards in a
spherically symmetric manner, under no body forces, but remains at rest at
ingnity under a constant pressure P..

(i) Show that the velocity potential of the FEuid at a distance r from the centre
of the sphere is given by

g
¢ = R for r > R,
r
where R is the velocity of the surface of the sphere. [7]

(ii) Show that the pressure on the surface of the sphere is

Ig:Rw+p<RR+gRﬁ.

(iii) Given that
R=A— B#,

where A and B are constants, show that Ps has a stationary point when
A3
t=(—=)" .
(5i5)

(You may assume that

1 0 ) 1 Oug
gp (wosind) + rsin98—¢

. 0 /o
divg = r2 Or <T ur) + rsin@ 00

in spherical polar coordinates (7,0, ¢) , where g=(u,, ug, ug) is the FEuid velocity.)
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Question 4 (a) Inspherical polar co-ordinates (r, @, ¢) the velocity potential func-
tion representing the Auid How of an inviscid, incompressible Auid past a gxed
sphere of radius a centred at the origin is given by

o3
O=U r+ﬁ cos 8

where U is the velocity at ingnity parallel to the line 8 = ¢ = 0.

(i) Find the position of the maximum and minimum velocity on the surface
of the sphere. 8]

(ii) Find the pressure at any point in the AEuid and hence show that on the
surface of the sphere the pressure, P, is given by

P=P,+ %pU2 (960820—5),

where P, is the pressure at ingnity. [9]

(iii) Show also that the thrust exerted by the Euid How on the leading hemi-
sphere of the sphere is

1
2 2
s Py — —pU .
@ ( o 16p )
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Question 5 (a) (i) Show that for a two-dimensional motion of an incompress-
ible, irrotational Auid the velocity potential ¢ and the stream function v
are related by the Cauchy-Riemann equations

9% _ oy 9 _ N
or Oy’ oy Oz’
8]
(ii) Show also that
V¢.Vi =0.
What can be deduced about the surfaces of constant ¢ and )7 [5]

(b) Consider two-dimensional Fuid Eow as in (a), around a cylinder of radius a
centred at the origin. If its velocity parallel to the real axis is U then its
complex potential function in the region close to the cylinder is given by

2
sz(z—i—a—) —l—z'ﬁlogz,
z 27

where z = x + 1y.

(i) Show that the velocity components of the Auid in the z and y directions
at any point on the cylinder are

k k
u=—U(1—cos20) — —sin¥, v =Usin20 + — cos ¥,
2ma 2ma
where 6 is the polar angle of the point. [7]

(ii) Given that k = 4waU, show that there is only one stagnation point and
that it is on the cylinder. [5]

END OF EXAMINATION
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