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Summary. A novel Swarm Intelligence method for best-fit search, Stochastic Dif-
fusion Search, is presented capable of rapid location of the optimal solution in the
search space. Population based search mechanisms employed by Swarm Intelligence
methods can suffer lack of convergence resulting in ill defined stopping criteria and
loss of the best solution. Conversely, as a result of its resource allocation mechanism,
the solutions SDS discovers enjoy excellent stability.

1 Introduction

In recent years there has been growing interest in swarm intelligence, a dis-
tributed mode of computation utilising interaction between simple agents [16].
Such systems have often been inspired by observing interactions between social
insects: ants, bees, birds (cf. Ant Algorithms and Particle Swarm Optimisers)
see Bonabeau [8] for a comprehensive review. Swarm Intelligence algorithms
also include methods inspired by natural evolution such as Genetic Algorithms
[12, 14] or indeed Evolutionary Algorithms [3]. The problem solving ability
of Swarm Intelligence methods, emerges from positive feedback reinforcing
potentially good solutions and the spatial/temporal characteristics of their
agent interactions.

Independently of these algorithms, Stochastic Diffusion Search (SDS), was
first described in 1989 as a population-based, pattern-matching algorithm [5].
Unlike stigmergetic communication employed in Ant Algorithms, which is
based on modification of the physical properties of a simulated environment,
SDS uses a form of direct communication between the agents similar to the
tandem calling mechanism employed by one species of ants, Leptothorax Ac-
ervorum, [17].

SDS is an efficient probabilistic multi-agent global search and optimisation
technique [11] that has been applied to diverse problems such as site selection
for wireless networks [23], mobile robot self-localisation [4], object recogni-
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tion [6] and text search [5]. Additionally, a hybrid SDS and n-tuple RAM [1]
technique has been used to track facial features in video sequences [6, 13].

Previous analysis of SDS has investigated its global convergence [19], linear
time complexity [20] and resource allocation [18] under a variety of search
conditions.

1.1 Global optimisation

Global optimisation algorithms have been recently classified in terms of their
theoretical foundations into four distinct classes [22]:

e incomplete methods - heuristic searches with no safeguards against trap-
ping in a local minimum;

e asymptotically complete - methods reaching the global optimum with
probability one if allowed to run indefinitely long without means to as-
certain when the global optimum has been found;

e complete - methods reaching the global optimum with probability one in
infinite time that know after a finite time that an approximate solution
has been found to within prescribed tolerances;

e rigorous - methods typically reaching the global solution with certainty
and within given tolerances.

In heuristic multi-agent systems the above characterisation is related to
the concept of the stability of intermediate solutions, because the probability
that any single agent will loose the best solution is often greater than zero.
This may result in a lack of stability of the found solutions or in the worst
case non-convergence of the algorithm. Thus for multi-agent systems it is de-
sirable to characterise the stability of the discovered solutions. For example
it is known that many variants of Genetic Algorithms do not converge and so
the optimal solution may disappear from the next population. Consequently,
in practice either an elitist selection mechanism is utilised or the information
about the best solution has to be maintained throughout the entire evolution
process.

In this paper we demonstrate that the solutions discovered by SDS are
exceptionally stable and we illustrate some implications of the resource allo-
cation mechanisms employed by SDS concerning the stability and robustness
of the algorithm as well as its convergence behaviour.

In the next section we will introduce Stochastic Diffusion Search and we
will briefly introduce the model of SDS on which the results of this paper are
based. The following section will discuss the stability of SDS and contrast it
with naive parallel random search. The final section will include discussion
and conclusions.
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2 Stochastic Diffusion Search

SDS is based on distributed computation, in which the operations of simple
computational units, or agents are inherently probabilistic. Agents collectively
construct the solution by performing independent searches followed by diffu-
sion of information through the population. Positive feedback promotes better
solutions by allocating to them more agents for their exploration. Limited re-
sources induce strong competition from which the largest population of agents
corresponding to the best-fit solution rapidly emerges.

In many search problems the solution can be thought of as composed
of many subparts and in contrast to most Swarm Intelligence methods SDS
explicitly utilises such decomposition to increase the search efficiency of in-
dividual agents. In SDS each agent poses a hypothesis about the possible
solution and evaluates it partially. Successful agents repeatedly test their hy-
pothesis while recruiting unsuccessful agents by direct communication. This
creates a positive feedback mechanism ensuring rapid convergence of agents
onto promising solutions in the space of all solutions. Regions of the solution
space labelled by the presence of agent clusters can be interpreted as good
candidate solutions. A global solution is thus constructed from the interaction
of many simple, locally operating agents forming the largest cluster. Such a
cluster is dynamic in nature, yet stable, analogous to, “a forest whose contours
do not change but whose individual trees do”, [2, 7]. The search mechanism is
illustrated in the following analogy.

2.1 The restaurant game analogy

A group of delegates attends a long conference in an unfamiliar town. Each
night they have to find somewhere to dine. There is a large choice of restau-
rants, each of which offers a large variety of meals. The problem the group
faces is to find the best restaurant, that is the restaurant where the maximum
number of delegates would enjoy dining. Even a parallel exhaustive search
through the restaurant and meal combinations would take too long to accom-
plish. To solve the problem delegates decide to employ a Stochastic Diffusion
Search.?

Each delegate acts as an agent maintaining a hypothesis identifying the
best restaurant in town. Each night each delegate tests his hypothesis by din-
ing there and randomly selecting one of the meals on offer. The next morning
at breakfast every delegate who did not enjoy his meal the previous night,
asks one randomly selected colleague to share his dinner impressions. If the
experience was good, he also adopts this restaurant as his choice. Otherwise

3 It should be emphasised that this analogy is provided simply to illustrate the
communication and feedback mechanisms at the heart of a stochastic diffusion
search, and not as a heuristic to be employed by a group of hungry delegates
attending a midweek conference in Sicily.
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he simply selects another restaurant at random from those listed in ‘Yellow
Pages’.

Using this strategy it is found that very rapidly significant number of
delegates congregate around the best restaurant in town.

Abstracting from the above algorithmic process:

Initialisation phase
whereby all agents (delegates) generate
an initial hypothesis (restaurant)
loop
Test phase
Each agent evaluates evidence for its hypothesis
(meal degustation). Agents divide into active
(happy diners) and inactive (disgruntled diners).
Diffusion phase
Inactive agents adopt a new hypothesis by either
communication with another agent (delegate) or,
if the selected agent is also inactive, there is no
information flow between the agents; instead the
selecting agent must adopt a new hypothesis
(restaurant) at random.
endloop

By iterating through test and diffusion phases agents stochastically explore
the solution space. However, since tests succeed more often on good candidate
solutions than in regions with irrelevant information, an individual agent will
spend more time examining good regions, at the same time recruiting other
agents, which in turn recruit even more agents. Candidate solutions are thus
identified by concentrations of a substantial population of agents.

Central to the power of SDS is its ability to escape local minima. This is
achieved by the probabilistic outcome of the partial hypothesis evaluation in
combination with reallocation of resources (agents) via stochastic recruitment
mechanisms. Partial hypothesis evaluation allows an agent to quickly form its
opinion on the quality of the investigated solution without exhaustive testing
(e.g. it can find the best restaurant in town without having to try all the meals
available in each).

2.2 The model of SDS

In [18] a model of SDS was introduced which allowed for an analysis of the
steady state behaviour of the system. The model captures the behaviour of
individual agent as a Markov Chain evolving on a finite state space. The evo-
lution of the entire system is then equivalent to the behaviour of an ensemble
of coupled Markov Chains. It is possible to derive the steady state probabil-
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ity distribution of the entire ensemble [18] and the stability of the resource
allocation presented in the next section will be based on this result.

For simplicity the discussion in this section is coached in terms of a simple
template based search. However, the search and allocation mechanisms are
generic and independent of the particular properties of the search space.

Consider a noiseless search space in which there exists a unique object
with a non-zero overlap with the template - a desired solution. Assume that
there is a total number of N agents and that upon a random choice of a
feature for testing a hypothesis about the solution location, an agent may fail
to recognise the best solution (a false negative) with a probability p~ > 0. In
addition, a probability of locating the desired solution in a uniform random
draw from the search space is p,,.

As an agent in SDS can be in one of two states, i.e. either active upon suc-
cessful testing, or inactive otherwise, it may thus be represented as a Markov
Chain, X,,, with a finite state space {active, inactive} with the transition
probability matrix

R
= (" 1) )

where m m
pi=A=p )+ (1= F)om(l—p7) (2)

and m denotes number of active agents in the population at iteration n. The
term pt in (1) encapsulates the total probability that an inactive agent may
become active either due to diffusion of information or due to random sampling
of a new solution from the search space. Its dependence on the state of other
chains in the population implies that this Markov Chain is not homogenous.
As each of the agents can be modelled by such a Markov Chain, the entire
SDS corresponds to the ensemble of such Markov Chains. The analysis of this
ensemble Markov Chain model presented in [18] ascertains that the steady
state probability distribution of the number of active agents, n, pointing to
the solution is binomial,

n(n) = () mimy " 3)
where
_20—p7)(A—pm)—1+4/[20—p~ ) A—pm) —1]2+4(1—p~)2(1—pm)Pm
m = 25 )(1—pm) )

and 71'2:1—71'1.

From equations (3), (4) we can immediately estimate the steady state mean
and variance of the number of active agents concentrated on the solution
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E[n] = Nmy,Var[n] = Nmyms (5)

The characterisation of these quantities in terms of the search conditions
can be found in [18]. In the following section we will address the implications
of the resource allocation for the stability and convergence behaviour of SDS.

3 Resource Allocation

Because SDS behaves in the limit as an ensemble of identical ergodic Markov
Chains [18] we can characterise its stability in terms of their steady state
probability distribution. As the operation of agents is probabilistic in nature
we expect that the activity of SDS will fluctuate around the steady state.
However, the positive feedback utilised during diffusion in forming a cluster of
agents corresponding to the best-fit solution will bring back the system from
downwards fluctuations towards the equilibrium. This will not be possible
however, if the number of agents pointing to the solution drops to zero. Thus,
to characterise search stability we can use the probability of occurrence of the
state with all agents being inactive.

For the ergodic Markov Chain, the mean return time to a state j is inversely
proportional to the equilibrium probability of this state, [15]

1
mi =205 (6)

Consider Stochastic Diffusion Search with N = 1000 agents, a probability
of locating the best instantiation of the target p,, = 0.001 and a probability of
failing the test while pointing to the desired solution (false negative) p— = 0.2.
Equations (2)-(3) imply that m = 0.75, my ~ 0.25, E[n| = 750, ¢ ~ 13.7.
Therefore, in the steady state the number of active agents pointing to the
desired solution will be about 750. The fluctuations of the agent’s number
are well concentrated around the mean value with the standard deviation not
exceeding 1.5% of the total number of agents. In the example considered, the
mean return time to the state in which all agents are inactive is therefore

L 1 602
0= 20) ~ 025y <10 ™)

Thus indeed this state is on average visited extremely rarely and the search
is very stable.

Consider the behaviour of Stochastic Diffusion Search with the same pa-
rameters characterising the search space but with smaller number of agents.
Let N =10, then E[n] ~ 7.5 and o ~ 1.7, thus the variability of the number
of active agents around the quasi equilibrium raised to about 17%. Also the
mean return time to the state with all agents inactive decreased in this case

1 1
= ——~ ——— o 10°
mo =20y ~ (0amy0 <10 ®)
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Even though the number of agents participating in the search is rather
small, the mean return to ‘all-inactive’ state is still relatively large. Also it is
interesting to note that the stability of the search depends exponentially on
the number of agents in SDS. In general, denoting the log of the mean return
time

T =logmg 9)

and considering the ratio, 7, of this quantity for searches using different
numbers of agents, N1, Ny

o B logm(0) _ Nilogma Ny

_ 0 _ — ——— 10
' Tg logm2(0) Nalogms Ny (10)

leads to the relation

Nl = ’I"NQ (11)

Thus, the ratio of logarithms of mean return times to the ’all-inactive’
state is equal to the ratio of the numbers of agents involved in the search and
in the above example r = 100. The above relationship between the size of the
agent population and the return to the ’all inactive’ state may allow for an
efficient control of stability of solutions in practical applications.

To see the effect of positive feedback employed in formation of the largest
active agents group consider for comparison a parallel random search without
diffusion of information. Assume that one performs N independent uniformly
random draws of potential solution positions from the search space and, upon
each draw, checks a random feature at that position. The probability of recog-
nising the best solution k times in such a procedure is given by

pIX =k = () (1 —p)*[L = pm(1 —p7 )V F (12)

where the standard notation from SDS model is used.

For N = 1000, p,, = 0.001 and p~ = 0.2, one has
p[X = 0] ~ 0.449, p[X = 750] < 107208
and for N = 10,
p[X =0] ~0.992, p[X =7 oc 107

Thus, in both cases, in completely random draws the probability of being
completely unsuccessful is orders of magnitude higher than in SDS. This in-
dicates that the diffusion of information in SDS changes radically the way the
algorithm performs the search. The probability of the random parallel search
being completely unsuccessful is very large whereas for SDS it is extremely
small. On the contrary, the probability of obtaining a number of successful
draws comparable to the largest cluster of active agents in SDS is very small,
indicating that the solution proposed by Stochastic Diffusion Search is highly
reliable.
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4 Conclusions

SDS is a novel distributed probabilistic algorithm, performing the best-fit
search. It is known to converge rapidly to the global optimum [19, 20]. We
have demonstrated here that it also forms very robust representation of the
desired solution. Although the algorithm operates by means of many simple
agents posing independent hypotheses about the presence of the solution in the
search space, the positive feedback resulting from the diffusion of information
about potentially interesting positions very rapidly forms extremely stable
but dynamic representations [7].

The neural architecture implementing standard SDS was proposed based
on biologically inspired, novel model neurons operating as filters on the infor-
mation encoded in the temporal structure of the spike trains [21]. Such net-
work requires full connectivity between neurons as well as their synchronous
operation. We have also investigated other architectures corresponding to ver-
sions of SDS relaxing these assumptions. In [10] we investigate variants of SDS
based on introducing neighbourhood structure limiting interneuron connectiv-
ity. Asynchronous SDS, in which each neuron undergoes a cycle of operation
independently of others was proposed in [9]. In both cases we observed analo-
gous convergence properties as well as stability of solution representations. It
follows that neither limited communication nor asynchronous operation im-
pede the behaviour of SDS. Thus, these results, together with the theoretical
analysis, suggest that SDS represents a very simple yet rapid and robust mode
of information processing.
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