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A Vibrotactile Approach to Tactile Rendering

Abstract While moving a fingertip over a fine surface we
experience a sensation that gives us an idea of its proper-
ties. A satisfactory simulation of this feeling is still an un-
solved problem. In this paper we describe a rendering strat-
egy based on vibrations which play an important role in the
tactile exploration of fine surfaces. To produce appropriate
excitation patterns we use an array of vibrating contactor
pins. Similar to the colour model in computer graphics we
simulate arbitrary vibrations as a superposition of only two
sinewaves. Each sinewave is intended for the excitation of
a specific population of mechanoreceptors. We carried out
first tests of our rendering strategy on Brownian surfaces of
different fractal dimension.

Keywords Tactile Rendering· Vibrotactile Perception·
Bistimulus Theory· Brownian Surfaces

1 Introduction

It is little known that the haptic sensory organ is the first
one among the senses to be developed in a human embryo.
However it is well known that in the virtual reality field sys-
tems supporting human tactile and haptic perception were
the last ones to be investigated with some success and the
whole field is far away from having reached some maturity.
Our haptic and tactile sensory system having receptors in
every part of the human skin covers our body completely.
Opposed to the visual and the hearing sense the tactile sense
can not be shut down by blocking incoming signals as we
can do it with the visual or acoustic senses by closing or
covering the eyes and by using ear plugs. In any case our
haptic perception system is always active in all parts of our
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skin and this global sensory system communicates to us all
the time comprehensively the mechanically felt sense of our
very physical existence. All our senses work together in or-
der to communicate to us relevant information that helps us
to construct and update the internal model of us and our lo-
cal habitat. Clearly that internal model together with the per-
manent update enables us to be actively operational includ-
ing motion planning and performing very basic actions like
grasping and touching and actively exploring any object we
encounter.

Probably we are still at the very beginning to under-
stand and model appropriately all the involved complex cog-
nitive systems being relevant to accomplish the aforemen-
tioned basic orientation tasks. Here the problem to under-
stand the basic cognitive systems may be split into several
subtasks. One of them may concern the function and mean-
ing of the local receptors of the outside world the other per-
haps even harder subtask may concern models explaining
the global system functions that integrate the perception of
the incoming signals to a global impression or global image.
This paper having the focus on tactile perception employs
and summarises some partly recently established knowledge
on functions of the tactile receptors in the human skin in
section 2. For the experiments described in this paper some
insights concerning those receptors are especially important.

Tactile perception is usually considered being crucial to
complement the visual perception by confirming the feeling
of what we see. Understanding that this interaction between
visual and tactile perception is extremely important this pa-
per reports on experiments where visual information con-
tained in surface textures has been transformed into expected
tactile signals conveying equivalent or at least compatible
tactile perceptions occurring when touching those surface
textures. Hence that part of this paper deals with the gen-
eration of tactile signals creating the perceptions being ap-
propriate in the context of surface textures. To achieve the
latter some simplifying assumptions are made. The visual
appearance of the texture on the surface (e.g. being some
textile) may have so called symmetric well ordered com-
ponents created by repetitive structures. To classify the lat-
ter we consider here an important subclass of periodic 2-D
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geometric structures. Namely we assume that the repetitive
structure is created by a periodic parallel transformationof
an elementary parallelogram that will be detected automati-
cally. To this end section 5.1 describes strategies employing
a combination of geometrical and stochastic methods used
to discover the elementary shape parallelogram. The latter
basic geometric structure may then be used in repetition to
create a simplified periodic structure. This may e.g. happen
by creating a dent texture using e.g. a shape from shading
method as to describe e.g. a basic ovoid cap whose repeti-
tion creates the periodic structure.

A generally accepted taxonomy of textures (cf. [16]) as-
sumes that apart from ordered components we can also recog-
nise disordered unstructured components in surface textures.
Considering the grey value image representing a surface tex-
ture then according to our model: In our human visual per-
ception the unstructured parts of the latter grey value image
are associated with different degrees of roughness that one
would expect to feel if one would touch the physical sur-
face creating the particular surface texture. Those different
degrees of expected roughness are classified by a parameter
defined by a fractal dimension of the grey value image rep-
resenting the surface texture. Employing the stochastic con-
cept of Brownian motion it is possible to create height func-
tions describing Brownian surfaces whose specific fractal di-
mensions can be prescribed by some stochastic parameters.
The Brownian surface representing a surface with a speci-
fied roughness (fractal dimension) is finally used to create a
tactile signal experienced by a person probing the Brownian
surface with a stylus. More precisely the person moves with
a stylus over a virtual surface created by a Phantom i.e. a
force feed back system that makes the user feel some resis-
tance in case the probing stylus touches the virtual surface
located in 3-D space. It is quite interesting that some prelim-
inary experimental studies indicate that the perceived rough-
ness intensity appears to increase strongly monotonously with
the increase of the fractal dimension of the generated Brow-
nian surface.

The tactile receptors in the human skin include the so
called Pacinian and non-Pacinian receptors. It is well estab-
lished that those two different receptors can be stimulated
by vibrations. Moreover it is well known that the excitation
intensity of that stimulation depends on the vibration fre-
quency. According to our model in section 5.4 there exist
two different curves for the Pacinian and non-Pacinian re-
ceptor respectively describing for each vibration frequency
the corresponding excitation intensity of the specific recep-
tor type. The latter phenomenon has a counter part in visual
perception. In the tristimulus model (cf. [6]) the eye or more
specifically the retina has three different receptors respond-
ing with different intensity to light with a given frequency.
For each of the three visual receptors there exists a func-
tion obtained from measured data describing the stimulus
intensity depending on the respective power associated with
a specific frequency of the light. Practically valid models
describing the type of colour perceived as stemming from
the light reaching the human eye assume that the perceived

colour is determined by the sum of the stimulation inten-
sities experienced by all three receptors (cf. [4]). This im-
plies the validity of the well known RGB-model. In the lat-
ter model the total stimulation intensity is created by us-
ing light signals built up with three different colours cor-
responding to three basis frequencies only where each of the
three frequencies must be chosen with an appropriately ad-
justed energy. The model assumptions lead here to a three-
dimensional model space describing all possibly perceivable
colours. All those colours can be generated by ”equivalent
combinations” of any three different light sources each of
them radiating a different type of light with an appropri-
ately chosen power depending on the power associated with
the frequency distribution of the given three light sources.
In this context it is relevant only that the three generated
power/frequency distributions correspond to three linearly
independent vectors (basis colours) representing equivalence
classes of basis vectors in a 3-D vector space defined by vec-
tors representing power/frequency distributions. This means
that scaling each of the latter basis colour (light source) vec-
tors with one appropriate positive real number will create
any given total stimulation intensity perceived by the three
receptors. This additive vector space concept useful for de-
scribing colour models is in section 5.4 applied for mod-
elling tactile sensations using two generating frequencies
only. Analog to the RGB model we assume here that a ”tac-
tile colour” impression created by any vibration frequency
distribution can be generated equivalently by the appropri-
ately scaled intensities of two generating vibration frequen-
cies (40 and 360 Hz) only. This is our current hypothesis in
this paper that still needs further experimental validation.

2 Human Tactile Perception

The skin being the biggest perceptional organ gives us the
sense of touch. In contrast to our dominant senses like vision
and hearing, touch requires an active exploration of the sur-
rounding environment. By touching an object and moving
over its surface, we receive information which is not obtain-
able by other senses. We can, for instance, assess the small-
scale roughness of the surface, its softness and friction.

Located in the dermal and epidermal layer of the glabrous
(hairless) skin, four different types of receptors are sending
impulses to the somatosensory cortex giving us the ability
to estimate tactile quantities. Although each type of receptor
reacts differently on mechanical stimuli applied on the skin
(see Table 1), similarities have been observed in the rate of
adaptation to a stimulus. The rate of adaptation represents
the fall-off of neural activity during the presentation of a
constant stimulus applied to the skin. A classification into
two groups has been found: the fast adapting (FA) or rapid
adapting receptors and the slow adapting receptors (SA).
The FA receptors are mostly sensitive to transients in skin
deformation whereas the SA also respond to sustained de-
formation.
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receptor type rate of adaptation receptive field function
Merkel discs SA-I small, well de-

fined
indentation, curvature

Ruffini’s corpuscles SA-II large, undefined static force, skin stretch
Meissner corpuscles RA-I small, well de-

fined
velocity, edges, slip de-
tection

Pacinian corpuscles RA-II large, indistinct acceleration, vibration

Table 1 Characteristics of mechanoreceptors.

Many experiments related to the sensitivity and firing
rate of the receptors have been conducted in order to find
out the functional role of each receptor type in tactile per-
ception, the results are summarised in [12]. An additional
property which differentiates the receptor types is the size
of the receptive field, i.e. the area of skin associated with a
particular receptor within which a mechanical stimulus will
excite that receptor. The correspondence between the recep-
tive field and the spatial acuity has been studied extensively
in order to investigate the mechanisms for texture discrimi-
nation.

Based on studies of the psychologist David Katz (see
[14]), it is generally believed that two mechanisms are in-
volved in the task of texture discrimination and roughness
judgement. Depending on the size and distance of surface
features one mechanism should dominate the other. The first
mechanism is used on coarse textures where large skin dis-
placements with relatively small changes over time are oc-
curring. It is therefore believed that the Merkel discs as a
SA-receptor are playing an important role in discriminating
these textures. The second mechanism should be relevant for
fine textures where the skin experiences small displacements
with many changes. Hence, it is assumed that vibrations in-
side the skin mediated by FA-receptors are responsible for
discrimination of fine textures. This two-mechanism hypoth-
esis, the duplex theory, has been supported by experiments
performed by Hollins et al. (see [10]). These suggest that
vibratory perception in the Pacinian channel is responsible
for surface roughness judgements at structure sizes smaller
than 100µm, but this channel is not responsible for rough-
ness perception at structure sizes greater than 100µm.

By presuming a detection mechanism of vibrational com-
ponents for microscopic structures, several experiments have
been conducted from the acoustic point of view to investi-
gate the mediation and detection of frequencies on the skin
(see [3]). As a result, threshold curves have been found in
[7] and [8] for each receptor, where every point describes an
amplitude and frequency at which the stimulus was detected.
Idealisation of those measurements result in the curves de-
picted in figure 13. We use the latter curves in section 5.4
for the development of a model to describe ”tactile colours”
employing only two generating frequencies.

3 System Overview

The goal of the HAPTEX project is the development of a
virtual reality system for the visual and haptic presentation

of textiles. The target scenario is depicted in figure 1. The
virtual cloth is attached to a fixed stand. The user can touch,
squeeze, rub and stretch the fabric with his thumb and index
finger, feeling appropriate tactile stimulation at the finger-
tips.

Fig. 1 HAPTEX final scenario

The final goal is a very challenging task, because it must
integrate force-feedback and tactile simulation posing more
than only mechanical difficulties. Therefore, an intermedi-
ate scenario has been defined as a test bed for the tactile
rendering (see figure 2). Here the fabric is completely fixed
on a rigid support. The user can tactually explore the fabric’s
surface with one fingertip. Force-feedback is not available,
other that to define the plane of the surface.

Figure 3 gives an overview of the tactile rendering. Be-
fore any rendering can be done the real fabric has to be con-
verted into a virtual tactile fabric. Unlike the real-time ren-
dering this preprocessing is not time critical. Thus it is desir-
able to do as much precomputation as possible to speed up
the time critical rendering. A source of information about the
fabric’s surface are the appropriate Kawabata measurements
as described in [15]. A way to convert these pure measure-
ments into an appropriate virtual tactile fabric is described in
[11]. Information regarding the fabric’s surface can also be
obtained from a high-resolution photography of the fabric.
The latter task is described in more detail in section 5.1.

Basically, the tactile renderer needs two ingredients to
work properly: a computer representation of a fabric and
the trajectory of the fingertip on the fabrics surface. As de-
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Fig. 2 HAPTEX tactile scenario

?

?

real fabric

virtual fabric

tactile device

1. measurement of surface properties
2. analysis and processing of measured data

3. extraction of relevant trajectory
4. computation of resulting vibrations
5. decomposition of vibrations into base frequencies
6. transfer of signals to the skin

Fig. 3 Overview of the tactile rendering.

scribed in section 2 vibrotaction plays an important role in
the perception of fine surface textures. Therefore, we com-
pute the vibrations occurring in the fingertip while moving
along the trajectory. These are decomposed in only two ba-
sic frequencies intended to directly stimulate the Pacinian
and non-Pacinian receptors. We describe this process in sec-
tion 5.

The stimulator hardware is described in section 4.

4 Stimulator Hardware

The stimulator under development for the HAPTEX project
incorporates a pair of vibrotactile arrays, designed to pro-
duce touch sensations on the tips of the index finger and the
thumb. These arrays are based on devices produced previ-
ously at the University of Exeter [19] [18] [20], with mul-
tiple contactors on the skin whose vibration waveform is
under software control. The intention is to produce virtual
touch sensations — edges and corners of objects, surface
textures and contact area — by producing an appropriate
spatiotemporal variation of mechanical disturbance over the
skin. An array of this type does not aim to reproduce the

topology of ”real” surfaces: It aims to produce an appropri-
ate excitation pattern over the various populations of me-
chanoreceptors in the skin.

Figure 4 shows an example of an earlier design — an
array with 25 contactors over 1 cm2 on the fingertip. This
forms part of a 125-contactor, 5-digit stimulator for one hand.
The contactor array, in the centre of the top surface, is driven
by piezoelectric bimorphs (which appear black in the pic-
ture). Figure 5 shows an outline diagram of an array de-
signed for the HAPTEX project. The finger is represented
by the cylinder towards the top of the picture. Note that the
mechanism is placed around the back of the finger so that
there is minimum interference to manipulation.

Fig. 4 Single-digit stimulator with 25 contactors over 1 cm2 on the
fingertip.

Fig. 5 Design for an array with 24 contactors over the fingertip.

The spatial resolution required for the contactor array is
related to the density of mechanoreceptors in the skin, which
is on the order of 1 mm−2 on the fingertip, or to the spatial
acuity on the fingertip, which is around 1 mm [13]. In a pre-
vious investigation [19], using a 100-contactor array witha
spatial resolution of 1 mm on the fingertip [18], we have
shown that it is difficult to discriminate between moving vi-
bratory stimuli presented at resolutions of 1 mm or 2 mm.
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This suggests that a 1-mm pitch array may offer little advan-
tage over a 2-mm pitch array in some contexts. The proposed
design for the arrays in the HAPTEX project has a contactor
spacing of around 2 mm.

4.1 Electromechanical design

Electromechanical design may be facilitated by a mathemat-
ical model of the piezoelectric drive system and the mechan-
ical load presented by the skin. For example see Figure 6,
where the principle resonance of the system is represented
by a simple mass-on-a-spring model. It is convenient to as-
sume a linear model for the piezoelectric material and for the
skin load — at large amplitudes both components are signif-
icantly non linear, but for amplitudes less than 100µm the
linear assumption appears to produce valid predictions.

Fig. 6 Modelling of system frequency response, in the case of loading
by the skin, for different lengths of piezoelectric drive element. (Labels
indicate length in mm.)

Figure 7 shows real, not model, data which were ob-
tained via a miniature accelerometer from a single contactor
in an array of the type shown in Fig. 4. The high-frequency
limbs of such curves are dominated by the effective mass of
the system (plus any load), and the low-frequency limbs are
dominated by the effective stiffness. The skin adds signif-
icant stiffness (∼100 N m−1) and resistance (∼0.1 N m−1

s) to the system, but adds negligible effective mass (∼10−5

kg), so the resonant frequency of the system is increased and
the Q-factor is reduced. (The Q-factor relates to the width of
the resonance: a high Q-factor means a narrow resonance.)

In order to evoke ”realistic” touch sensations an array
must operate over most of the tactile frequency range of,
say, 10 to 500 Hz. Stimulation in the upper part of this fre-
quency range is expected to stimulate mainly pacinian recep-
tors. Stimulation at lower frequencies is expected to stimu-
late mainly non-pacinian receptors. To produce ”comfort-
able” sensation levels requires a few microns at frequencies

Fig. 7 The effect of skin load on the system frequency response.

around 250 Hz and a few tens of microns at frequencies
around 50 Hz.

4.2 Stimulus design

A significant problem for the operation of an array stimu-
lator is the need to specify multiple parallel waveforms —
there is essentially infinite choice within the system band-
width. In an attempt to provide a user-friendly system, each
waveform is constrained to be a specified mixture of 40 Hz
and 320 Hz sinewaves, i.e., the output is a superposition of a
spatiotemporal distribution of vibration at 40 Hz and a spa-
tiotemporal distribution of vibration at 320 Hz.

The 40 Hz output is intended to stimulate primarily non-
pacinian receptors and the 320 Hz output is intended to stim-
ulate primarily pacinian receptors. This scheme was first pro-
posed by Bernstein [2] in the context of single-channel vi-
brotactile stimulation. The two-frequency system may be
considered as analogous to a 3-colour video display — the
stimulator produces a sequence of frames in two tactile ”col-
ours”. Psycho-physics experiments have been performed to
compare the perception of moving stimuli at the two dif-
ferent stimulation frequencies [18]. Data were obtained on
the masking of 40 Hz or 320 Hz stimuli by a uniform vi-
brating background at 40 Hz or 320 Hz. The two different
stimulation frequencies produce different results, suggesting
that different receptor populations have been targeted as in-
tended.

For stimuli at 40 Hz and 320 Hz to have the same subjec-
tive intensity, stimulus amplitude at 40 Hz must be around
10 times greater. For stimuli with components at both 40
Hz and 320 Hz, measurements have been made to determine
the component amplitudes required to achieve constant sub-
jective intensity as the amplitude ratio is varied. Figure 8
shows component amplitudes at 40 Hz and 320 Hz for con-
stant subjective intensity. The data were averaged over 5 sub-
jects, from a comparison between various 2-component test
stimuli and a 2-component reference stimulus. The data have
been fitted with an expression of the form

[

( x
a)n +( y

b)n] = 1,
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wheren = 1.23 gives the best fit. Also shown are best-fit
lines for a linear model (n = 1; addition of normalised com-
ponent amplitudes) and for an elliptical model (n = 2; ad-
dition of normalised component powers). This experiment
provides useful information for the control of subjective in-
tensity in two-frequency stimuli. For stimulus components
of 40 Hz and 320 Hz to have equal subjective intensity, the
amplitude at 40 Hz must be approximately 20 times greater
than the amplitude at 320 Hz (at least, for the array and stim-
uli used in this experiment).

Fig. 8 Component amplitudes at 40 Hz and 320 Hz for constant sub-
jective intensity.

4.3 Drive Electronics

For each of the contactors on the fingertip an appropriate
driving signal has to be generated. We use a USB controller
to produce the stimuli at the two different stimulation fre-
quencies. This has two advantages: first, the intensities de-
termined by the stimulator software can be simply transmit-
ted to the controller via USB and second, as the generation
of the signals is implemented as a software program run-
ning on the USB controller the format of the stimuli can be
changed easily.

The created signals are transmitted to digital-to-analogue
converters (DAC) via a bus system (see figure 9) which makes
the system scaleable in the number of contactors being sup-
ported. We use high-voltage operational amplifiers (OPA)
to amplify the output of the DACs to the levels (up to 40V
r.m.s) required by the bimorphs.

DACOPA

D
ata bus

OPA DAC

USB controller

Fig. 9 Schematic of the drive electronics.

5 Stimulator Software

5.1 Analysis and Processing of Measured Data

As a surface is two-dimensional by nature, we represent a
fabric’s surface as a two-dimensional property mapP(u,v).
The description of these properties depend on the mechani-
cal model chosen for the virtual fabric. For simplicity, in the
following discussion we represent the surface as rigid, with
a specified height profile.

We describe a method that reconstructs a height function
from a grey value image. The first step in this reconstruction
process is the detection of symmetry in the grey value image.
We definesymmetry with regard to a setP ⊆ E 2 (E 2 denot-
ing the Euclidean plane) as a bijective mapα : E 2 → E 2

with α(P) = P . Every symmetry ofE 2 is a translation,
rotation, reflection or glide reflection. The symmetries of
most fabrics are a combination of two nonparallel transla-
tions. These translations define a basic element called tile
that is repeated in the translational directions (see figure10).
An algorithm for finding such a tile was implemented based
on [9] at the Welfenlab. As the symmetries are not perfect
in general, stochastic methods are used to find an idealised
tiling.
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t1

t 2

Fig. 10 Tile with translationst1 andt2.

Since the tile is repeated on the grey value image we use
the average of these repetitions to create a new synthetic im-
age of the surface, that way being cleaned from noise. This
image in turn is used as input for a shape-from-shading algo-
rithm (see [21]) that computes an appropriate height profile.
See figure 11 for an example.

Fig. 11 Photograph of a fabric and the corresponding height profile.

5.2 Extraction of Relevant Trajectory

In our model (see figure 12) every contactor of the tactile ar-

ray is assigned a two-dimensional device coordinate

(

xi
yi

)

.

Let

(

0u(t)
0v(t)

)

denote the position of the origin of the de-

vice coordinate system on the fabrics surface (trajectory)and
ϕ(t) the angle between thex-axis and theu-axis at the time
t, then the position of the contactors on the fabric’s surface
can be computed with

(

ui(t)
vi(t)

)

=

(

0u(t)
0v(t)

)

+

(

cosϕ(t) −sinϕ(t)
sinϕ(t) cosϕ(t)

)(

xi
yi

)

Using the property mapP(u,v) we can now define the time
dependent property functionPi(t) := P(ui(t),vi(t)) along the
trajectory.

xy
u

v ϕ

Fig. 12 Tactile contactors on the fabrics surface.

As we are rendering the device signals for the next 25-ms
time frame we presumably need to extrapolate the trajectory
beyond the current time.

5.3 Computation of Resulting Vibrations

For each contactor we need to compute the vibrations occur-
ring due to the movement of the fingertip over the surface.
This computation depends on the model used in section 5.1.
Since we represent the surface as a height function,Pi(t) de-
scribes the height under thei-th contactor as a function of
time. As a start we act on the simple assumption that the vi-
bration at the contactor position on the finger directly corre-
sponds toPi(t). We want to express a vibration as a function
F assigning to each frequencyω a corresponding amplitude
F(ω), which is done by Fourier transformingPi(t). Since we
need to render the device signals for the next 25 ms, this time
segment becomes our window for the Fourier transform. We
smoothed the boundaries of this segment with a Blackman
window.
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5.4 Decomposition of Vibrations into Base Frequencies

The previous steps result in a frequency spectrumF(ω),
which now has to be decomposed into amplitudes at only
two base frequencies that will then be reproduced on the
tactile stimulator. We use 40 and 320 Hz as base frequen-
cies (see section 4). The function mapping the spectrum to
these two amplitudes has to ensure that the resulting tactile
sensation is very similar to the sensation which would result
from reproducing the whole spectrum on the tactile stimu-
lator. This approach is analogous to the approach used for
multicolour video displays which produce almost arbitrary
colours as mixture of only three fundamental colours.

Similar to the colour model of computer graphics (e.g.
see [6]) we assume the existence of two functionsH40 and
H320 such that the two amplitudes for 40 and 320 Hz can be
computed as integral of a convolution:

a40 =

∫

H40(ω) ·F(ω)dω

a320 =
∫

H320(ω) ·F(ω)dω
(1)

This hypothesis still has to be verified with appropriate ex-
periments. Nevertheless, in the rest of this section we will
show the reasonableness of this approach and we will even
derive first approximations of the functionsH40 andH320.

With Ip(F) andInp(F) we denote the stimulation in-
tensity caused by a vibration with spectrum functionF at the
Pacinian and non-Pacinian channel, respectively. Note that
these intensity functions are subjective and thus hard to de-
fine. Our suggestion for an approximation of these functions
is

Ip(F) =
∫

F(ω)

Tp(ω)
dω

Inp(F) =

∫

F(ω)

Tnp(ω)
dω

(2)

Since the channels react depending on the frequency (e.g.
the Pacinian channel is most sensitive around 300 Hz while
the non-Pacinian channel is most sensitive around 50 Hz)
we use 1

Tp(ω) and 1
Tnp(ω) as frequency dependent damping

factors. The assignment of a linear factor to each frequency
seems to be a reasonable approximation suggested by some
curves of equal sensation magnitude plotted as a function of
stimulus frequency (see [22]). Furthermore, the approach of
using an integral is supported by assumingn = 1, i.e. a linear
model in section 4.2.

In [7] thresholds of the tactile channels as functions of
stimulus frequency were measured (see figure 13 for ap-
proximating curves). These thresholds refer to the smallest
perceivable amplitude of a stimulus with only a single fre-
quency. Along these measured curves the intensity is con-
sidered to be constant, making these functions suitable as
frequency dependent damping functionsTp(ω) andTnp(ω)
that normalise the intensity to 1 at threshold level.
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Fig. 13 The functionsTp andTnp.

Let

Sω̄,α (ω) =

{

α for ω = ω̄
0 else

denote a simple sinusoidal vibration with frequencyω̄ and
amplitudeα. Our goal is to replace a given vibrationF by
two vibrationsS40,a40 andS320,a320 such that
Ip(F) = Ip(S40,a40)+Ip(S320,a320)

Inp(F) = Inp(S40,a40)+Inp(S320,a320)

These equations are equal to a two-dimensional linear equa-
tion system (with equation (2)):
∫

F(ω)

Tp(ω)
dω =

a40

Tp(40)
+

a320

Tp(320)
∫

F(ω)

Tnp(ω)
dω =

a40

Tnp(40)
+

a320

Tnp(320)
The solutions of this system have the form

a40 = B11 ·
∫ F(ω)

Tp(ω) dω +B12 ·
∫ F(ω)

Tnp(ω) dω

a320 = B21 ·
∫ F(ω)

Tp(ω) dω +B22 ·
∫ F(ω)

Tnp(ω) dω
Setting

H40(ω) :=
B11

Tp(ω)
+

B12

Tnp(ω)

H320(ω) :=
B21

Tp(ω)
+

B22

Tnp(ω)

we obtain equation (1).H40 andH320 are depicted in figure
14.

6 Brownian Surfaces

In order to test our rendering strategy, we carried out a pre-
liminary experiment using a tactile array to present synthet-
ically generated Brownian surfaces with varying fractal di-
mensions. It is shown in [1] that there exists a strong corre-
lation between the fractal dimension of a haptic texture and
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Fig. 14 The functionsH40 andH320.

the impression of roughness perceived by tactually explor-
ing it with a pen-like probe. We will get back to this later in
this section. First we will present one of the various ways to
define fractal dimension, the Hausdorff dimension.

6.1 Fractal Dimension

Let F ⊆ IRn, F 6= /0 with d(x,y) denoting the euclidean dis-
tance in IRn. Then diam(F) := sup{d(x,y)|x,y∈F} is called
thediameter of F .

Let δ ∈ IR+ and{Ui}i∈IN be a countable set of subsets of
IRn with diam(Ui) ≤ δ . Then{Ui}i∈IN is called aδ -cover of
F if F ⊂

⋃∞
i=1Ui.

Let s ∈ IR+. For everyδ ∈ IR+:

H
s

δ (F) :=

inf

{

∞

∑
i=1

(diam(Ui))
s|{Ui}i∈IN δ -cover ofF

}

Then thes-dimensional Hausdorff measure is defined as

H
s := lim

δ→0
H

s
δ (F).

Hausdorff proved the existence of a numberDF fulfilling

H
s(F) =

{

∞ for s < DF

0 for s > DF .

Now we can define theHausdorff dimension dimH(F) as

dimH(F) := inf{s|H s(F) = 0}

=sup{s|H s(F) = ∞}

The Hausdorff dimension dimH(F) has some basic prop-
erties:

– If F ⊂ IRn, then dimH(F) ≤ n.
– If F ⊂ G, then dimH(F) ≤ dimH(G).
– If F is countable, then dimH(F) = 0.

6.2 Generation of Brownian Surfaces

We show how textures with given fractal dimension are gen-
erated.

A Brownian surface XH(x,y) (XH : IR2 → IR) with index
H (0≤ H ≤ 1) is a stochastic process with:

1. XH(0,0) = 0.
2. XH(x,y) is continuous.
3. Let σ ,τ ≥ 0. Then the incrementsXH(x + σ ,y + τ)−

XH(x,y) are normally distributed with expectation 0 and
variance(σ2 + τ2)

H
=: ρ, i.e.

P(XH(x +σ ,y + τ)−XH(x,y) ≤ z) =

(2π)−
1
2 (ρ)−

1
2

z
∫

−∞

exp

(

−
r2

2ρ

)

dr.

XH(x,y) itself is also normally distributed with expectation 0
and variance(x2 + y2)

H
. Figure 15 shows some examples of

Brownian surfaces with different indices. It is shown in [5]
that a Brownian surfaceXH(x,y) with indexH has Hausdorff
and box dimension dimH XH(x,y) = dimB XH(x,y) = 3−H.
In the following we refer to these dimensions shortly as frac-
tal dimension dimXH(x,y).

A Brownian surface with(x,y) ∈ [0,1]× [0,1] can be
constructed with the following algorithm (see [17]):

1. SetXH(0,0) = 0 and randomly drawXH(0,1), XH(1,0)
andXH(1,1) from a normal distribution with expectation
0 and variance 1.

2. Iterate over(i, j) and randomly drawXH(k2−i, l2− j) from
a normal distribution with expectation

1
4

[

XH((k−1)2−i,(l−1)2− j)

+XH((k−1)2−i,(l +1)2− j)

+XH((k +1)2−i,(l −1)2− j)

+XH((k +1)2−i,(l +1)2− j)
]

and variance

2(−i− j)H
.

The variablesk, l, i and j have to satisfy

0≤ k ≤ 2i
, i ≥ 1, k odd and

0≤ l ≤ 2j
, j ≥ 1, l odd.

Because of the continuity ofXH(x,y) the resulting surface is
completely determined.

6.3 Fractal Dimension Determines Impression of
Roughness

The correlation between fractal dimension and impression of
roughness was investigated in an experiment at the Welfen-
lab, using a single-point contact with the virtual surface.The
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Fig. 15 Brownian surfaces with index 0.1 (red), 0.5 (green) and 0.9
(blue).

PHANToM R© device was used to simulate the feel of sur-
faces with different indicesH. The test subjects could use a
pen like probe to explore the surfaces. To permit compara-
bility the smoothest and the roughest surface were presented
and they were given fixed roughness values of 1 and 20. The
test persons were asked to rate randomly chosen surfaces in-
side this range.

Figure 16 shows some results of this experiment. As one
can see there exists a strong correlation between the fractal
dimension of a haptic textureXH(X ,Y ), i.e. dimXH(x,y) =
3−H and the impression of roughness received by tactually
exploring it.

 0
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 0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

test person 1
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Fig. 16 Results of the experiment with the indicesH of the Brownian
surfaces on the abscissa and the impression of roughness on the or-
dinate (with 20 corresponding to the roughest and 1 to the smoothest
surface).

6.4 First Results Using a Tactile Array

We used the generated Brownian surfaces to test our vibro-
tactile rendering strategy described in sections 5.2, 5.3 and
5.4. Since the system was not yet fully operable for active
exploration of a surface in real time, we used a passive pre-
sentation — stimuli were presented to the stationary finger-
tip, computed for the case of the virtual surface moving over
the fingertip at a constant speed of 8 cms−1. As expected
from the single-point-contact experiment, different Brown-
ian surfaces could be distinguished on the basis of rough-
ness corresponding to the fractal dimension. However, there
was little or no sensation of movement over the fingertip
(presumably because individual surface features were not
sufficiently identifiable to allow them to be tracked as they
moved over the array). In the case of active exploration en-
visaged for the fully operable system, the sensation of move-
ment would be available from kinaesthetic and visual cues,
and so the results would presumably be more convincing.

7 Conclusion

With careful attention to design it is possible to produce
effective array stimulators. These may be used in conjunc-
tion with force-feedback devices to provide multipoint (dis-
tributed) tactile stimulation as an enhancement to single-
point display of gross mechanical properties. The principal
problem in implementation derives from a lack of informa-
tion about the relation between the surface topology of an
object being touched and the consequent time-varying distri-
bution of mechanical excitation over the various populations
of mechanoreceptors in the skin. A possible model of this
relation is presented in this paper, allowing drive waveforms
for an array to be derived from real-time information about
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the user’s movements and prior knowledge of the (virtual)
surface being explored. The model awaits full experimental
validation within the HAPTEX project, in terms of its ability
to produce realistic virtual sensations, but the overall system
incorporates sufficient flexibility for the model to be devel-
oped as required.
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